Abstract. Using Lipman's results on resolution of two-dimensional singularities, we provide a form of resolution of singularities in codimension two for reduced quasi-excellent schemes. We deduce that operations of degree less than two on algebraic cycles are characterised by their values on classes of regular schemes. We provide several applications of this "detection principle", when the base is an arbitrary regular excellent scheme: integrality of the Chern character in codimension less than three, existence of weak forms of the second and third Steenrod squares, Adem relation for the first Steenrod square, commutativity and Poincaré duality for bivariant Chow groups in small degrees. We also provide an application to the possible values of the Witt indices of non-degenerate quadratic forms in characteristic two.
Introduction
Resolution of singularities is a fundamental tool for many questions related to algebraic cycles, for example for the study of operations on Chow groups (see e.g. [Hau12b] ). When considering operations of degree ≤ n, it is often sufficient to resolve singularities of codimension ≤ n, that is, given a scheme X, to find a proper birational morphism X ′ → X such that the singular locus of X ′ has codimension > n. For n = 1 this remark has been exploited in [Hau13] , together with the observation that we can use the normalisation morphism as a resolution of singularities of codimension one. In the present paper, we use the observation that it is enough to require that the singular locus of X ′ be mapped to codimension > n in X, and specifically consider the case n = 2. Namely, Theorem 2.4 asserts that any reduced quasi-excellent scheme X admits a proper birational morphism f : X → X mapping the singular locus of X to a subset of codimension at least three in X.
The paper is organised as follows:
In Section 1, we fix the conventions used in the text. In Section 2, we prove the main result, Theorem 2.4 mentioned above. The strategy for the proof is the following. We may assume that X is normal. Then using resolution of singularities in dimension two, we can resolve the local scheme X x of X at any singular point x of codimension two. The next step is to extend this resolution to a proper birational morphism h : X ′ → X inducing an isomorphism outside of the closure of {x}. But to construct h, it is not enough to know that there is a proper, or even projective, birational morphism Y → X x with Y regular. One needs the full strength of Lipman's work on resolution of two-dimensional singularities, viz. that a resolution of singularities of X x may be achieved by the blow-up along a zero-dimensional closed subscheme. We prove the existence of the extension h in this situation. Treating one by one the finitely many singular points of codimension two in X, we obtain a proper birational morphism f : X → X. Any singular point y of X lies over a singular point f (y) of X; on the other hand if f (y) has codimension two in X, it is one the points treated above, and it follows from the construction that X must be regular at y.
In Section 3, we translate the main result into a technical statement (Lemma 3.1) adapted to the situations considered in each of the subsequent sections. It expresses the idea that the vanishing of an operation on algebraic cycles, which lowers the dimension by ≤ 2, is detected by its action on the fundamental classes of regular schemes.
In Section 4, we deduce an integrality property for the Chern character in codimension two, and then show that it actually implies the same property in codimension three. We construct two operations on Chow groups modulo two (and two-torsion for the target), which are related to the second and third Steenrod squares. As an application, we deduce a result contained in Hoffmann's conjecture, concerning Witt indices of quadratic forms; this is a new statement when the base field has characteristic two.
In Section 5 we extend, by descent, the definition of the first Steenrod square Sq 1 , given in [Hau13b] for quasi-projective varieties, to arbitrary schemes of finite type over a field. We prove the relation Sq 1 • Sq 1 = 0, which was apparently out of reach of the techniques used in [Hau13b] .
In Section 6, we discuss consequences for the bivariant Chow group. We prove an absolute form of Poincaré duality, which implies that the operational and usual Chow groups of a regular excellent scheme coincide in degrees ≤ 2. We also discuss commutativity of bivariant classes of small degree; in particular we prove that any class of degree ≤ 2 commuting with proper push-forwards, and pull-backs along smooth morphisms and regular closed embeddings automatically commutes with flat pull-backs. Here resolution singularities is combined with another, a priori independent, feature of codimension ≤ 2: bivariant classes of degree ≤ 2 can be expressed using Chern classes with supports. In higher degrees, denominators appear, and one needs other sources of bivariant classes, such as Kcohomology. Finally we explain how these results can be extended to classes of arbitrary degrees in characteristic zero, where both resolution of singularities and Gersten's conjecture are available.
Terminology and conventions
1.1. Schemes and morphisms. All schemes are noetherian and separated. When S is a scheme, we denote by Sch S the category schemes of finite type over S and proper S-morphisms.
We say that a morphism Y → X is, or induces, an isomorphism outside of a closed subset Z of X if the base change (X −Z)× X Y → X −Z is an isomorphism.
1.2. Regularity. We say that a scheme X is regular at a point x when the local ring O X,x is regular. Otherwise we say that x is a singular point of X. The singular locus Sing X is the set of such points. A scheme is regular if it is regular at each of its points.
1.3. Normalisation. When X is an integral scheme, its normalisation X ′ → X is the affine morphism given locally by the integral closure of its coordinate ring in its function field. More generally, when X is an arbitrary scheme, its normalisation is the composite i X ′ i → i X i → X, where X i are the irreducible components of X, and X ′ i → X i their normalisations.
1.4. Excellence. A scheme S is called quasi-excellent if -any integral scheme finite over S admits an open dense regular subscheme, -and for any closed point x of X, the completion morphism of Spec O X,x has geometrically regular fibers. If S is quasi-excellent, then any scheme of finite type over S is quasi-excellent, and so is the localisation of S at any of its points [ILO, §2, Théorème 5.1]. The spectrum of a field, and of Z, is quasi-excellent, so that the class of quasi-excellent schemes contains all varieties and arithmetic schemes. The normalisation of a quasi-excellent scheme is finite [EGA IV, (7.6.1)]; the singular locus of a quasiexcellent scheme is closed [EGA IV, (6.12.3)]. For a scheme of finite type over a regular scheme, we will use the terminology excellent instead of quasi-excellent; this is compatible with [EGA IV, (7.8.2)].
1.5. Projectivity. A morphism Y → X is projective if there is a quasi-coherent sheaf of graded O X -algebras S • , with S 1 a coherent O X -module generating S • as an O X -algebra, and an isomorphism over X between Y and Proj X S • . A morphism is quasi-projective if it decomposes as an open immersion followed by a projective morphism.
1.6. Envelopes. A proper morphism f : Y → X is an envelope if for any integral closed subscheme Z of X, there is a closed subscheme W of Y such that f induces a birational morphism W → Z. It is equivalent to require that Y (K) → X(K) be surjective for all fields K. When X is of finite type over S, a Chow envelope over S is an envelope Y → X with Y quasi-projective over S. By Chow's Lemma [EGA II, (5.6.1)] and noetherian induction, such an envelope always exists.
1.7. Dimension. The codimension codim X (x) of a point x in a scheme X is the dimension of the local ring O X,x . When Y is a closed subset of X, its codimension codim X (Y ) is the infimum of the codimensions in X of the points of Y . When X is an integral scheme of finite type over a scheme S, the dimension of X over S is defined as
where X is the scheme theoretic image of X → S, and κ(X), resp. κ(X), the function field of X, resp. X. When Z is an integral closed subscheme of X, we have, using the dimension formula [EGA IV, (5.6.5.1)],
In particular dim S Z ≤ dim S X, so that when Y is a scheme of finite type over S, we may define dim S Y as the supremum of the integers dim S Z for Z an integral closed subscheme of Y .
Let X be an integral scheme of finite type over S, and Y a closed subscheme of X. Since for any integral closed subscheme Z of Y , we have dim
1.8. Abelian groups. We denote by Ab the category of abelian groups. Let p be a prime number. We denote by Z (p) the subgroup of Q consisting of those fractions whose denominator is prime to p. When A is an abelian group and a ∈ A ⊗ Z Q, we let v p (a) be the largest integer k such that
) may be identified with the quotient of the group A ⊗ Z Q by the subgroup of elements a satisfying v p (a) ≥ −t.
1.9. Chow groups, Grothendieck groups. Let S be a regular scheme. The Grothendieck group of coherent sheaves gives a functor
, where Z is a closed subscheme of X with dim S Z ≤ d (see 1.7). The Chow group of cycles of dimension j over S is a functor CH j : Sch S → Ab, see [Ful98, §20] . We have the j-th homological Chern character, a natural transformation (this is the j-th component of the morphism τ of [Ful98, Theorem 18.3, §20])
Resolving singularities in codimension two
Lemma 2.1. Let Y → X be a flat monomorphism, and Z a closed subscheme of Y . Let W be the scheme theoretic image of the morphism Z → X. Then the morphism Z → Y × X W is an isomorphism.
Proof. Since Y → X is a monomorphism, the diagonal Y → Y × X Y is an isomorphism, hence so is its base change Z → Y × X Z. By compatibility of scheme theoretic images with flat base change [EGA IV, (2.3.2)], the scheme theoretic image of the morphism
Since this morphism is a closed embedding, the lemma follows.
Lemma 2.2. Let l : Y → X a flat monomorphism, and Z a closed subscheme of Y . Then there is a projective morphism h : X ′ → X, which induces an isomorphism outside of the closure of l(Z) in X, and whose base change along l is the blow-up of Y along Z. If X is reduced, then so may be chosen X ′ . If Z is nowhere dense in Y , then h may be chosen birational.
Proof. Let W be the scheme theoretic image of Z → X, and h : X ′ → X the blow-up of X along W . The base change of h along the flat morphism l is the blow-up of Y along Y × X W . The latter coincides with Z by Lemma 2.1, proving the first statement. The second statement follows from the fact that the blow-up of a reduced scheme is reduced.
Let U be an open subset of X contained in W . Then l −1 U is contained in l −1 W = Z, and is open in Y . If Z is nowhere dense in Y , then l −1 U must be empty. In particular U does not meet l(Z), which is dense in W . Thus U must be empty. We have proved that W is nowhere dense in X. It follows that the blow-up h of X along W is birational, proving the last statement. 
Proof. Let Y 0 be an irreducible component of Y containing y and such that codim Y (y) = codim Y 0 (y). There is a unique irreducible component X 0 of X such that f induces a birational morphism f 0 : Y 0 → X 0 of finite type. Applying the dimension formula [EGA IV, (5.6.5.1)] to the morphism f 0 , we obtain codim Y 0 (y) ≤ codim X 0 (x), and we conclude since codim
Theorem 2.4. Let X be a reduced quasi-excellent scheme. Then there is a reduced scheme X and a projective birational morphism f : X → X with the following properties.
(i) The scheme X is regular at any of his points x such that f (x) has codimension ≤ 2 in X. (ii) The morphism f is an isomorphism outside of the singular locus of X.
Proof. We first assume that X is normal. Then Sing X contains no point of codimension ≤ 1 in X. Let Σ be the set of points of Sing X which have codimension 2 in X. We view Σ and Sing X as topological subspaces of X. Then Σ consists of generic points of Sing X. Since X is quasi-excellent, Sing X is the support of a noetherian scheme, and therefore the space Σ is finite and discrete. Thus we can write Σ = {s 1 , · · · , s n }, with s i not belonging to the closure of {s j |j = i} in X.
We construct, by induction on i ∈ {0, . . . , n}, reduced schemes X i and projective birational morphisms f i : X i → X such that:
(a) the morphism f i is an isomorphism outside of the closure of {s 1 , · · · , s i }, (b) and any point of codimension ≤ 2 in X which is the image by f i of a singular point of X i belongs to the set {s i+1 , · · · , s n }.
We start by setting X 0 = X and f 0 = id X ; condition (a) is empty, while (b) is the definition of Σ. Now let us assume that X i−1 and f i−1 are constructed. Since s i does not belong to the closure of {s 1 , · · · , s i−1 }, by the induction hypothesis (a) there is a unique point y of X i−1 mapping to s i under f i−1 , and moreover 
with X i−1 reduced, and h a projective birational morphism inducing an isomorphism outside of the closure of l(Z) in X i−1 . But the scheme Z is empty or supported on the closed point of Y , hence l(Z) ⊂ {y}. Letting f i = f i−1 • h, we see that (a) holds, using the induction hypothesis (a). We now prove (b). Let x ∈ X i be such that f i (x) has codimension ≤ 2 in X. Let us first assume that f i (x) ∈ {s i , . . . , s n }. Then by the induction hypothesis (b), the scheme X i−1 is regular at h(x). The closure of {s i } consists of s i and points of codimension ≥ 3 in X, and in particular does not contain f i (x). Thus the point h(x) does not belong to the closure of {y}. Therefore the morphism h induces an isomorphism O X i−1 ,h(x) → O X i ,x , and it follows that X i is regular at x. Now let us assume that f i (x) = s i . Let F be the residue field of X i at x. Composing the F -point given by x with the morphism h, we obtain an F -point of X i−1 . Since its image is the point y, this F -point factors through the localisation l. In view of the cartesian square (2), we obtain a F -point of Y ′ whose image z in Y ′ satisfies x = u(z). Since Y ′ is regular at z, and u is flat, it follows from [EGA IV, (6.5.2, (i))] that X i is regular at x. This proves (b).
We conclude the proof (in the normal case) by setting X = X n and f = f n . Then (i) follows from (b). By (a) the morphism f is an isomorphism outside of the closure of Σ, which is contained in Sing X, thus proving (ii). Now let X be an arbitrary reduced quasi-excellent scheme. Its normalisation π : X ′ → X is finite and birational. Applying the above construction to the quasi-excellent normal scheme X ′ , we obtain a projective birational morphism f ′ : X → X ′ satisfying the conditions (i) and (ii). The morphism f = π • f ′ is projective and birational. Since π induces an isomorphism outside of Sing X, and f ′ induces an isomorphism outside of Sing X ′ ⊂ π −1 Sing X, we see that f satisfies (ii). To see that f satisfies (i), let x be a point of X such that f (x) has codimension ≤ 2 in X. By Lemma 2.3 applied to the morphism π, the point f ′ (x) has codimension ≤ 2 in X ′ . Since f ′ satisfies (i), it follows X is regular at x.
Remark 2.5. From the proof, we see that we may take for f the normalisation of X, followed by successive blow-ups along closed subschemes of codimension two.
We will be using the following variant of Theorem 2.4.
Corollary 2.6. Let X be a reduced quasi-excellent scheme, of finite type over a scheme S. Then there is a projective birational morphism f : X ′ → X, with X ′ reduced and quasi-projective over S, and regular at any of his points x such that f (x) has codimension ≤ 2 in X.
Proof. Applying Chow's lemma [EGA II, (5.6.1)], we obtain a projective birational morphism Y → X with Y reduced and quasi-projective over S. By Lemma 2.3, a point has codimension ≤ 2 in Y as soon as its image has codimension ≤ 2 in X. The statement follows by applying Theorem 2.4 to the scheme Y .
Detection by regular schemes
Let T → S be a morphism of finite type, and F a functor Sch T → Ab. When f is a morphism in Sch T , we will write f * for F (f ). We consider the following conditions on F , where all schemes are of finite type over T and all morphisms are over T . 
(F4) If X is integral or empty, we have a specified element 1 X ∈ F (X) such that:
The group F (X) is generated by the elements f * (1 Y ), where Y is integral, the morphism f : Y → X is proper, and dim S Y ≤ dim S X (see 1.7).
Lemma 3.1. Let T be a scheme of finite type over a quasi-excellent scheme S. Let G, H be two functors Sch T → Ab satisfying (F1) and (F2). Assume that G additionally satisfies (F3), (F4) and (F5). Let d be an integer such that, for every scheme X of finite type over T , the following conditions are satisfied.
(i) The group G(X) is generated by the elements f * (1 Y ), where Y is integral, the morphism f : Y → X is proper, and
Assume that, for every scheme X of finite type over T , we have a morphism ρ X : G(X) → H(X) satisfying the following conditions.
(
For any regular T -scheme R, quasi-projective over S, we have ρ R (1 R ) = 0. Then ρ X = 0 for every scheme X of finite type over T .
Proof. Assuming the contrary, there is by (i) and (iii) an integral scheme X of finite type over T with dim S X ≤ d and ρ X (1 X ) = 0. Using Corollary 2.6, we find a proper birational morphism f : X ′ → X, with X ′ integral and quasi-projective over S, and such that f maps singular points of X ′ to codimension ≥ 3 in X. By quasi-excellence of X ′ , its singular locus is closed; we let i be the embedding of the associated reduced closed subscheme of X ′ , and r : R → X ′ be its open complement. Using successively (iv), (F4a) and (v) we have
By (F2) with F = H, this implies that ρ X ′ (1 X ′ ) ∈ im i * . Let z : Z ֒→ X be the closed embedding of the scheme theoretic image of f • i. Since Z has codimension ≥ 3 in X, we have dim S Z ≤ dim S X − 3 < d − 2 by (1). Therefore H(Z) = 0 by (ii), hence using (iii)
Now let U be a non-empty open subscheme of X over which f is an isomorphism, and form the square of (F3). By (F3), (F4a) and (F4b) we have
Hence by (F2) with F = G we have f * (1 X ′ ) − 1 X ∈ im j * , where j : Q ֒→ X is the closed embedding of a complement of u. Since ρ X (1 X ) = 0 and ρ X • f * (1 X ′ ) = 0, we have ρ X • j * = 0. It follows from (F5) and (iii) that we may find a proper morphism Y → Q with Y integral and dim S Y ≤ dim S Q < dim S X (the last inequality follows from (1)), such that ρ Y (1 Y ) = 0. Thus we construct by induction (letting X −1 = X) for every n ∈ N a proper morphism X n → X n−1 , with X n integral, dim S X n < dim S X n−1 , and ρ Xn (1 Xn ) = 0. The images of X n in S form a decreasing sequence of closed subsets whose codimensions tend to infinity. This is impossible since S is noetherian. 
Example 3.4. We say that a morphism P → T of finite type has relative dimension ≤ r if for every scheme Y of finite type over T , we have dim
Examples of such morphisms are given by closed embeddings (r = 0), and flat morphisms of constant relative dimension r.
Let j be an integer, and P → T a morphism of relative dimension ≤ r. For a scheme X of finite type over T , we let H(X) = CH j+r (X × T P ). This gives a functor H : Sch T → Ab satisfying (F1), (F2), and the condition (ii) of Lemma 3.1 when j ≥ d − 2. 
Integrality of the Chern character
We formulated in [Hau12a] the following conjecture, which depends on a prime number p and an integer n (see 1.8 and 1.9 for the relevant definitions).
Conjecture 4.1. Let S be a regular scheme, X a scheme of finite type over S, d an integer, and
We proved Conjecture 4.1 when n ≤ p(p − 1) − 1 and S is of finite dimension in [Hau12a, Proposition 3.1 and Appendix].
Theorem 4.2. Conjecture 4.1 is true for p = 2 and n = 2, when S is excellent.
Proof. We take G as in Example 3.5, and H as in Example 3.3 (with j = d − i and C = Q/(2 −2 · Z (2) ), see 1.8), and check the conditions of Lemma 3.1 for T = S and the operation
The conditions (iii) and (iv) follow from [Ful98, Theorem 18.3 (1), (4) and §20], while (v) is Lemma 4.3 below.
Lemma 4.3. Let X and S be regular schemes, with X quasi-projective over S. Then for any integer i and any prime number p, we have Theorem 4.5. Conjecture 4.1 is true for p = 2 and n = 3, when S is excellent and of finite dimension.
Proof. Let X ′ → X be a Chow envelope over S (see 1.6). Since the morphism
is surjective, we may replace X with X ′ , and assume that X is quasi-projective over S. We may also easily reduce to the case when S is connected. Let x ∈ K ′ 0 (X) (d) , and write
Here ψ −1 is the (−1)-st homological Adams operation (corresponding to duality theory), see [Sou85, Théorème 7] where S is assumed to be of finite dimension. We have in CH d−3 (X) ⊗ Z Q, by [Hau12a, Proposition 2.4 and Appendix], Remark 4.7. Using Remark 3.2 and proceeding as in the proof of Theorem 4.2, we see that Conjecture 4.1 is true for any p and n when S is an excellent Q-scheme.
Let S be a regular excellent scheme. By [Hau12a, Section 5], Theorem 4.2 and Theorem 4.5, we obtain morphisms of functors Sch S → Ab
and when S is of finite dimension,
The operation T 2 is the second Steenrod square (modulo two-torsion), see [Hau12a, Proposition 8.1]. By contrast, the operation T 3 is not the usual third Steenrod square; nonetheless it can be used (together with T 2 and the first Steenrod square T 1 ) to define the third reduced Steenrod square, see [Hau12a, Remark 8.6].
As in [Hau13, Section 6], the operation T 2 can be used to prove the following statement, which was already known in characteristic not two (see [Kar03] ).
Theorem 4.8. Let ϕ be an anisotropic non-degenerate quadratic form over an arbitrary field. Let i 1 be the first Witt index of ϕ. If dim ϕ − i 1 is not divisible by 4, then i 1 is equal to 1 or 2.
Adem relation for the first Steenrod square
In [Hau13b, §7] we gave a construction of the first Steenrod square, an operation Sq 1 : CH • (X) ⊗ Z Z/2 → CH •−1 (X) ⊗ Z Z/2, for X quasi-projective over a field. We were not able to prove the relation Sq 1 • Sq 1 = 0, and instead proved weaker relations. In this section, we use Theorem 2.4 to prove the relation Sq 1 • Sq 1 = 0.
We first extend the definition of Sq 1 to arbitrary schemes X of finite type over a field. The next definition is close to that of a site, but will be more convenient for us, since our covers will always be singletons.
Definition 5.1. Let C be a category with fibre products. We say that C is a category with covers if are given a class of morphisms in C, called covers, satisfying the following conditions.
-If Y → X is a cover and
For a category D, we denote by Hom(D, Ab) the category of functors D → Ab. Let C be a category with covers. The category coShv(C) is the full subcategory of Hom(C, Ab), consisting of those F : C → Ab, called abelian cosheaves on C, such that for any cover π : Y → X the sequence of abelian groups Proof. Let ϕ : F → G be a morphism in coShv(C), such that r(ϕ) = 0. Let X ∈ C. Choose a cover π : Y → X with Y ∈ D. We have a commutative diagram
and ϕ Y = r(ϕ) Y = 0, so that ϕ X • F (π) = 0. Since F (π) is an epimorphism, it follows that ϕ X = 0. This proves that ϕ = 0, hence r is faithful. Now let F, G ∈ coShv(C) and ϕ : r(F ) → r(G) be a morphism of functors D → Ab. Let X ∈ C. Choose a cover π : Y → X with Y ∈ D, and a cover
since D is a full subcategory of C. Therefore we have the commutative diagram with solid arrows
Since F is an abelian cosheaf, the morphism F (Z) → F (Y × X Y ) is surjective, and moreover the upper row is exact. So is the lower row, by the same argument. Thus there is a unique morphism φ π X fitting in the diagram.
is in D, and π i • q i is a cover, and moreover we have two commutative diagrams
By unicity of φ π X , we see that φ
for i ∈ {1, 2}. Since the morphism π i • q i is independent of i, so is the morphism φ π i X . This gives a well-defined morphism
. Thus φ defines a morphism F → G in coShv(C), such that r(φ) = ϕ. Therefore r is full, concluding the proof.
Proposition 5.3. Let C be an abelian group, i an integer, and S the spectrum of a field. The envelopes (see 1.6) define a class of covers on the category Sch S , for which the functor CH i (−) ⊗ Z C an abelian cosheaf.
Proof. The first statement follows from [Ful98, Lemma 18.3 (1), (2)]. When C = Z the second statement is [Kim92, Theorem 1.8] (this does not use resolution of singularities). In general, it follows from the right-exactness of − ⊗ Z C.
Proposition 5.4. Let S be the spectrum of a field. The operation
] for quasi-projective S-schemes X can be extended in a unique way compatible with proper push-forwards to all schemes X of finite type over S. Moreover the resulting operation, which we denote again Sq 1 , is compatible with restrictions to open subschemes.
Proof. By Proposition 5.3 with C = Z/2 and existence of Chow's envelopes (see 1.6), the conditions of Proposition 5.2 are satisfied for C = Sch S with covers given by envelopes and D the full subcategory of quasi-projective S-schemes. Therefore the operation Sq 1 of [Hau13b, §7] extends uniquely to a morphism Sq 1 of functors Sch S → Ab.
Let u : U → X be an open immersion. Let π : Y → X be a Chow envelope over S, and form the cartesian square
Since π * is an epimorphism, it follows that Sq 1 •u * = u * • Sq 1 , hence Sq 1 is compatible with restrictions to open subschemes.
Lemma 5.5. Let X be a regular scheme, quasi-projective over a field. Then
Proof. Let T X ∈ K 0 (X) be the virtual tangent bundle of X, and L X a line bundle over X representing the image of T X under the group homomorphism det : K 0 (X) → Pic(X) (the sheaf of sections of L X is the canonical sheaf of X). Let s : X ֒→ L X be its zero section. Then the first Chern class operators satisfy:
By [Hau13b, (11)], we have Sq
Proposition 5.6. We have Sq 1 • Sq 1 = 0.
Proof. We apply Lemma 3.1 with S = T the spectrum of a field, and with G, resp. H, given by Example 3.3, with C = Z/2 and j = d, resp. j = d − 2, for the operation
Then the conditions (iii) and (iv) follow from Proposition 5.4, and (v) from Lemma 5.5.
Bivariant Chow group
In this section we consider the bivariant Chow group A(X → T ). Of special interest is the group A(id X ), which can be considered as the universal cohomology theory acting on Chow groups (it has a ring structure and is contravariant for arbitrary morphisms of finite type). More generally when X is a closed subscheme of T , the non-unital ring A(X → T ) corresponds to cohomology of T with supports in X. We are interested in the commutativity of this ring, and in Poincaré duality-type statements.
We first define bivariant Chow groups following [Ful98, §17, §20], with the difference that we require bivariant classes to be compatible with smooth pullbacks, as opposed to arbitrary flat pull-backs (see however Remark 6.9 (ii) and Theorem 6.11 (iii)).
Let S be a regular scheme, and X → T → S morphisms of finite type. For m ∈ Z, we consider the set B m (X → T ) of morphisms α of functors Sch T → Ab
Let Y be a scheme of finite type over T . Any element α ∈ B m (X → T ) induces an element of B m (X × T Y → Y ) which we still denote by α. When g : X → T is a flat morphism of constant relative dimension −r, or a regular closed embedding of codimension r, there is an orientation class [g] ∈ B r (X → T ), corresponding to the fact that base changes of such morphisms admit functorial (refined) pullbacks (see [Ful98, §17.4 
]). There is a product B
for f any smooth morphism or regular closed embedding. We denote by A(X → T ) the direct sum of the groups A m (X → T ) over the integers m ∈ Z. If X → T has relative dimension ≤ r (Example 3.4), then B m (X → T ) = A m (X → T ) = 0 for m < −r. The product of bivariant classes is a bivariant class, and so is [g] for g as above (flat or regular closed embedding). When h : Y → X is a morphism in Sch T , there is a morphism h * :
, for f any smooth morphism or effective Cartier divisor with trivial normal bundle, is a bivariant class. This can be seen using deformation to the normal cone (see the proof of [Ful98, Theorem 17 .1]).
Example 6.2. Let X → T be a closed embedding, and E • a bounded complex of locally free coherent O T -modules, which is exact off X. The n-th localised Chern class c n (E • ) is an element of A n (X → T ), see [Ful98, Example 18.1.3, §20].
Example 6.3. Let X → T be a closed embedding. Let K n (O T ) be the Zariski sheaf on T associated with the n-th Quillen K-group of vector bundles. We describe a morphism
For any scheme Y of finite type over T , there is a morphism (see [Gil81, §7, §8])
The projection formula [Gil81, Theorem 8.8] says that it is compatible with proper push-forwards; therefore any element α ∈ H n X (T, K n (O T )) defines an element of B n (X → T ), which we also denote by α. When f is smooth (or more generally flat of constant relative dimension), the formula
To show that α defines an element of A n (X → T ), it will suffice by Remark 6.1 to consider an effective Cartier divisor f : D → T with trivial normal bundle, and prove that The map, where n ∈ N and Z runs over the closed subschemes of T ,
is a ring morphism by [Gil81, Theorem 8.2]. It follows from the anti-commutativity of Quillen K-theory that the ring on the left is commutative. Thus the elements of the image of this morphism commute with one another, and in particular α commutes with δ = [f ], as required.
Lemma 6.4. Let S be a regular excellent scheme, and X an integral closed subscheme of S. Assume that n = − dim S X > 0. There is a finite resolution E • of O X by locally free coherent O S -modules, and for any such complex E • , we have
Proof. The resolution E • exists because S is regular, and moreover the class c n (E • ) is independent of the choice of that resolution. The singular locus Sing X is closed and not dense in X, because X is quasi-excellent and integral. It follows from the localisation sequence that the morphism CH −n (X) → CH −n (X − Sing X) is an isomorphism. We may therefore replace S and X by the respective complements of Sing X, and assume that X is regular. Then X → S is a regular closed embedding [EGA IV, (19.1.1)]; we let N be its normal bundle. We consider the deformation to the normal cone construction [Ful98, §6.1]
where P = P(N ⊕ 1), and W is the blow-up of A 1 S along X via the composite X 
Thus we may replace S by P , and assume that f : X → S has a section p : S → X. Then we have in CH −n (S) (see the proof of [Ful98, Proposition 18.1 (a)])
This cycle coincides with (−1) n−1 (n − 1)! · [X] by [Ful98, Example 15.3.1, §20], and we conclude by applying p * : CH −n (S) → CH −n (X).
Theorem 6.5. Let S be a regular excellent scheme, and X a closed subscheme of S. Then for n ≤ 2, the association α → α ∩ [S] induces an isomorphism A n (X → S) → CH −n (X). Lemma 6.6. Let S be a regular excellent scheme, and X a closed subscheme of S. For n ≤ 2, the group A n (X → S) is generated by the elements i * (c n (E • )), where i : Z → X is a closed embedding, and E • a bounded complex of locally free coherent O S -modules, which is exact off Z.
Proposition 6.7. Let S be a regular excellent scheme, X a closed subscheme of S, and Y a scheme of finite type over S. Then for any α ∈ A n (X → S), with n ≤ 2, and β ∈ A(Y → S), we have α · β = β · α.
Proof. We may assume that α = i * (c n (E • )), as in Lemma 6.6. Since the construction of the class c n (E • ) only uses proper push-forwards, smooth pull-backs, and Gysin maps, one checks that β · c n (E • ) = c n (E • ) · β. But β is compatible with i * , by definition of B m (Y → S).
Proposition 6.8. Let S be a regular excellent scheme, and Y → T → S morphisms of finite type. Let X be a closed subscheme of T . Assume that X × T Y → T has relative dimension ≤ r (Example 3.4). For any α ∈ A n (X → T ) and β ∈ A m (Y → T ), with m + n + r ≤ 2 and n ≤ 2, we have α · β = β · α. This says that any element of A n (X → T ), with n ≤ 2, is automatically compatible with flat pull-backs. Therefore our definition of A n (X → T ) agrees with that of [Ful98, §17] when n ≤ 2 and X → T is a closed embedding. When S smooth over a field, and X a scheme of finite type over S, then the map A(X → S) → CH(X) is known to be an isomorphism [Ful98, Propositions 17 The results of this section can be improved in characteristic zero, as follows.
